In this paper the problems of optimal collision avoidance and optimal formation switching for multiple agents moving on a Riemannian manifold are studied. It is assumed that the underlying manifold admits a group of isometries, with respect to which the Lagrangian function is invariant. Reduction method is used to derive optimality conditions for the solutions. Some examples are presented.
Motivation
We study two related problems for multiple agents moving on a Riemannian manifold: the optimal collision avoidance (OCA) and the optimal formation switching (OFS). In each case, the trajectories of the agents must satisfy the separation constraint that at any time the riemannian distance between any two of them is at least T for some positive T. In the OFS problem, the distances between certain pairs of agents are further required to be T. The optimal (joint) trajectories are the ones that minimize the weighted sum of the trajectory energies of individual agents, with the weights representing the priorities of the agents.
The motivating application for this research is aircraft conflict resolution [l, 21 , in which the underlying manifold is W2 or W3, and r is 5 nautical miles for en route aircraft. Related applications can he, for example, multiple mobile robots cooperating to carry a common object, or a multi-link reconfigurahle robot performing configuration switching. In this paper we consider only holonomic constraints, as opposed to the many treatments dealing with nonholonoinic constraints, such as [3, 4, 51. Other relevant papers include [6, 71. In many applications, it is often the case that the underlying manifold admits a group of symmetries. In the case of a smooth state space, the classical Noether theorem [8, 91 can be used to reduce the dimension of the problem by establishing the conservation of certain quantities called the momentum maps. The problems we consider here have nonsmooth boundary constraints. However, since the constraints are also invariant with respect to the symmetries, the conservation laws still apply. In particular, if the number of agents is small, these laws may help to characterize the solutions. This paper is organized as following. The OCA and OFS problems are formulated in Section 2. In section 3, we focus on the case when the underlying manifold admits a group of symmetries, and establish the conservation of momentum maps. To illustrate the results, a simple example of three agents moving on the plane is presented in Section 4. We show that the conservation laws enable us to characterize the solutions in a certain sense. Finally Section 5 contains some concluding remarks.
P r o b l e m Formulation
In this section the problems we are going to study are formulated in their most generality.
Let M be a C" Riemannian Alternatively, if each agent is a disk of radius 5 in M, then h is collision-free if and only if the corresponding joint trajectory satisfies that no two agents overlap throughout the encounter [to,tl] . Naturally, r is chosen to be small enough so that it is possible to pack k disks of radius i in M.
The first problem we are going to study is 
to, t l ] , the formation pattern of h at time t E [to, t l ]
is defined to be the formation pattern of ( h , ( t ) ) g , . 
t E [ t o , t l ] belongs to the vertices of
Ghd,, find the one (or ones) minimizing the cost (2) .
In the example shown in Figure 1 , one can choose Ghd, to be the subgraph consisting of vertices 5, 6 , 7, 8, and all the edges among them, thus requiring that all three agents, each of which is of radius 5, have to "contact" each other either directly or indirectly at all time. Alternatively, Ghdl can be the subgraph consisting of vertices 2,5,7,8, and all the edges among them. So agent 1 and 2 have t o be bound together at all time, and the OFS problem becomes the optimal collision avoidance between agent 3 and this two-agent subsystem.
For certain Ghd,, the OFS problem may not have a solution. For example in Figure 1 , if Ghdl consists of only vertex 1, then the corresponding subset of 
as a subgraph is also a vertex of Ghdl. We call such a Gbdl closed, since the subset of M ( k ) \ W it corresponds to is closed. In the following, we will always assume Gbdl to be closed.
S y m m e t r y Reduction
Instead of working on general Riemannian manifolds, we focus on the special case when M admits a group of symmetries. More precisely, we assume:
For brevity, we write gx = 9 ( g . x ) . For each g E G,
Similarly, for each x E M define 9" : G 4 M to he the map g H gx, Vg E G. Both 9, and are Coo maps.
That 0 is a left action is equivalent to that 0, = idh,, where e is the identity of 6, and that for g1,gZ E G, For each g E 6, assumption 1 implies that ag is an isometry of M , while assumption Moreover, h, is collision-free and has the same formation pattern at all time as h by assumption 1. Notice that ho = h. Define J ( s ) = J(h,). Then a necessary condition for h to he optimal is that g(0) = 0.
For each ( s , t ) E ( -e , € ) x [ t o , t l ] , denote a g aY & ( t ) = B(s,t) = -(s,t),g:(t) = g'(s,t) = -( s , t ) , at as e m = < ( s , t ) = g ( s , t ) -' d s , t ) , q d t ) = o ( s , t ) = g(s,t)-'s'(s,t).
both of which belong to T,(a,t)G. Define
Here to simplify notation we use g(s: t ) -' g ( s , t ) to d e note d T ,~3 . t~-~[ g ( s , t ) ]
(for any g E 6 , Tg : G
G stands for the left multiplication by g , while dT, is its tangent map). Similarly for g(s,t)-'y'(s,t).
This kind of notational simplifications will be carried out in the following without further explanation. Both ((s, t ) and q ( s , t ) belong to T,G = g, the Lie algebra of G. The fact that g is a proper variation implies that g'(.,to) = g'(.,tl) = 0 , hence q(.,to) = q ( . , t l ) = 0. Moreover, g(O,.) = e implies that g(0,.) = 0, hence (7) In Example 1, it can be shown that the conserved quantities are the classical linear momentum and the (generalized) angular momentum of a k-particle system moving on R". In Example 2, (7) becomes the conservation of angular momentum of a k-particle system moving on S"-'. In both cases, the k particles have maSses XI,. . , , Xk. We illustrate this only for Example 2. For any U E Th.S"-' and any U E so,, (u,dah*U) = (u,vh*) = u'uh, = (ah:,v)F, where ( . , . ) F is the Frobenius inner product on RnX" defined by (A,B) = tr(A'B), V A , B E Utnx". Since v is skew-symmetric, we have
L e m m a 1 ([ll]) Let C'(s,t) = % ( s , t ) and + ( s , t ) = g ( s , t ) . T h e n ( ' = i ) + [ < , q ] .

Define w ( t ) = C ( t ) , V t
where uh: -h,ut is skew-symmetric, hence belongs to 50,. Combining the above two equations with (9), we have ((dmh')'u,u) = ?-(uh: -h,ut,v)F,Vv E 50,. So (d@'.)*u = uh: -h,u under the identification of so, with 50; via $(., . ) F , and (8) particular, if n = 3, (10) can be written compactly as E:=, X;(h; x h;) E Ro for some Ro E Et3, where x is the vector product. So the total angular momentum is conserved.
Next we study a special case of Example 3 for which the conclusion of Theorem 1 takes an especially simple form. Let M = G be a Lie group with a bi-invariant riemannian metric (i.e., a metric that is invariant under both left and right multiplications. Let the action 3 : (11) Therefore, we have
Under the canonical identification of g with g* via (., .), the last equation is equivalent t o
Therefore the conservation law (8) can now be simplified to
i=l
In the simplest case, if M is a Euclidean space W" or a flat n-torus T" with the canonical metric and with addition as the group operation, then (12) implies the conservation of linear momentum.
An Example
In this section, we apply the results in the previous section to the OFS problem when M = W2 and G = SE>.
We assume k = 3, r = 1, so the formation adjacency graph God) is plotted in Figure 1 . Let Ghdj be the subgraph of G,dj consisting of vertices 5, 6, 7, 8 and all the edges among them. Therefore, in steering the three agents from their starting position (a;):=, to their destination position (bc):=,, it is required that at any time t E [to,tl], there exists (at least) one agent whose distances with the rest two agents are both 1.
Suppose L = Then t,he cost defined in (2) coincides with the sum of the integrals of kinetic energy of the three agents with masses Xl,Xz, X3 respectively. Therefore by the Hamiltonian principle of least action 181, for each formation pattern, a solution to the OFS problem restricted to this particular formation pattern corresponds to the motion of a multi-link system moving on the plane with no external forces acting on it. The multi-link system consists of three particles (agents) of masses Xl,Xz,X3 respectively, and there is . 1 1 ' . a rod of zero mass and length 1 between particle i and particle j if and only if eij is an edge of this formation pattern. If (a;)$, and (b;):=, belong to different formation patterns, then a switching between formation patterns must occur at some t E [to,tl] . During the switching, the velocities of the three agents will in general experience discontinuous changes.
However, by applying Theorem 1, we conclude that for any solution (hi)!=, to the OFS problem, the total linear momentum E;=, Xihi and the total angular momentum E:=, A,h:R,,zh; are both constant throughout [to, t l ] . Here R n p is the 2 by 2 matrix of rotation by 4 counterclockwise. This is trne even when there are switchings between different formation patterns. Moreover, since in this case solutions as curves in M ( k ) are geodesics in a certain manifold with boundary, the total energy E,=, X;llhjllZ is also conserved.
It turns out that these conserved quantities are enough to characterize the solutions. For simplicity we assume that XI = X Z = XI. An intuitive way t o understand Proposition 1 is that the solutions to the OFS problem correspond to the motions of a physical system, hence are invariant with respect to the choice of inertial coordinate systems, say, the one moving at constant speed -w relative to the stationary one.
By choosing an appropriate w if necessary, we can ensure that f a; = $ E:=, bj. Proposition 1 implies that we only need to solve the OFS problem for this special case. In articular, we shall in the following assume that f E,,, a, = f E:=, bj = 0. Since the linear momentum is conserved, the solution (hi):==, in this case must satisfy E:=, h ; ( t ) 0, i.e., the three-agent system has its center of masses stationary at 0. As a result, (hi);=, as a curve in Et6 is always contained in the four dimensional subspace V of R6 defined by reduces the dimension of the problem by 2.
Each vertex in Ghdj is a formation pattern, which corresponds to a smooth submanifold of V \ W . These two equations will determine uniquely 8 3 , and 832 after the switching subject to the constraint that they must point inside of X,.
Equations such as (13) and (16) characterize the evolution of the solutions for the OFS problem completely.
Alternatively, they define the dynamics and the reset maps of a hybrid system. 
Conclusions
We study the problems of optimal collision avoidance and optimal formation switching for multiple agents on a Riemannian manifold with a group of symmetries. Some necessary conditions are given, and the results are illustrated by examples.
